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SUMMARY

In order to understand the nonlinear effect in a two-layer system, fully nonlinear strongly dispersive
internal-wave equations, based on a variational principle, were proposed in this study. A simple iteration
method was used to solve the internal-wave equations in order to solve the equations stably. The appli-
cability of the proposed numerical computation scheme was confirmed to agree with linear dispersion
relation theoretically obtained from variational principle. The proposed computational scheme was also
shown to reproduce internal waves including higher-order nonlinear effect from the analysis of internal
solitary waves in a two-layer system. Furthermore, for the second-order numerical analysis, the balance
of nonlinearity and dispersion was found to be similar to the balance assumed in the KdV theory and the
Boussinesq-type equations. Copyright q 2009 John Wiley & Sons, Ltd.
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1. INTRODUCTION

In a lake or an ocean where density stratification is well developed, the density fluctuation due to
a tide or wind generates large amplitude internal waves [1–3]. The first mode of internal waves
induces a strong current over the lake or ocean bottom. Such internal waves exchange their energy
among components over a wide wave-frequency band, with strong nonlinearity especially when
they reach shallow water regions. For example, it has been shown that internal waves and mixing
drive residual circulation that may transport dissolved material to the center of a lake [4, 5].
Therefore, it is significant to understand how internal waves are deformed due to the nonlinearity,
as well as to clarify the formation of strong current due to the deformation of internal waves.
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A considerable number of field observations have been made in an effort to gain understanding of
a role of internal waves in lakes, fjords, and coastal regions resulting from internal waves [6, 7].
Since internal waves are deformed in a shallow water region where stronger currents can appear, it is
necessary to clarify the energy transfer from low-frequency to high-frequency internal waves espe-
cially when internal waves do not show breaking. However, it is hard to obtain field data of spatially
high resolution through observations. Theoretical analyses and numerical computations have thus
been considered as useful tools to examine the influence of internal waves on flow fields [8–10].

In order to understand the nonlinear effect in a two-layer system, theoretical studies of solitary
internal waves, based on the Korteweg-de Vries (KdV) equation or an extended KdV equation,
have been carried out (e.g. Holloway et al. [11], Horn et al. [12]). The formation and propagation of
internal solitary waves have been previously discussed by comparing field observations and results
from a theoretical model of waves moving onto a continental shelf [11]. The form and rate of
steepening of internal waves were found to be strong functions of the coefficient of nonlinearity in
the KdV equation. Horn et al. [12] also described the importance of nonlinear effects on steepening
of internal waves using a steepening time scale obtained from the KdV equation.

The nonlinearity and dispersion of internal waves, however, have been closely studied for internal
long waves only. For example, on a perturbation basis, Choi and Camassa [13] derived two sets
of internal-wave equations considering full nonlinearity of internal waves in a two-layer system,
where one set of equations is chosen to treat a shallow layer whether it lies on another shallow
layer with weak dispersion or a deep layer with intermediate dispersivity. In the other previous
studies, Tomasson and Melville [14] presented weakly nonlinear solutions of a set of Boussinesq-
type equations for internal waves (see also [15–18]). Grimshaw and Horn et al. [19, 20] described
the evolution and propagation of internal long waves in water of variable depth, for example, by
using a modified KdV equation.

On the other hand, Kakinuma [21] did not use any assumption on nonlinearity, as well as
dispersion, of internal waves in the derivation process of nonlinear internal-wave equations based
on a variational principle, so that the application of the model is theoretically free from limitations
concerning the relative thickness of fluid layers or the frequency band of strongly nonlinear and
strongly dispersive internal waves. Numerical solutions of the model, however, have been obtained
only up to the second order on the vertical length scale of interface displacement. In this study,
an attempt has been made to solve the set of fully nonlinear multilayer equations to simulate
internal waves in a two-layer system by considering the third and above orders. The fully nonlinear
multilayer equations are reduced to a set of nonlinear equations for a two-layer system between
horizontal plates, after which a new computational method is proposed to solve the nonlinear two-
layer equations. The proposed computation method has been successfully applied. Three stages
are shown to verify computational results as follows: (1) verification using the dispersion relation
in a two-layer system, (2) generation of a stable internal solitary wave, and (3) comparison with
the theoretical solutions of the KdV equation.

2. FULLY NONLINEAR INTERNAL-WAVE EQUATIONS

2.1. Functional for the variational problem

In order to examine fundamental characteristics of internal waves, the equations derived by
Kakinuma [21] for a multilayer system are reduced to a set of nonlinear equations for a two-layer
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Figure 1. Schematic diagram of multilayer fluid system.

system over a flat bottom below a top wall. Inviscid and incompressible fluids are assumed to be
stable in still water, as shown in Figure 1. The upper and lower layers are represented as m=1
and 2, respectively. The mth layer thickness in still water is denoted by hm(x). The two-layer fluids
will not mix during the wave motion. The density �m is spatially uniform and temporally constant
in each layer, where �1<�2. Surface tension and capillary action are neglected. Fluid motion is
assumed to be irrotational, resulting in the existence of velocity potential �m defined as

um =∇�m and wm = ��m

�z
(1)

where ∇ is a partial differential operator in the horizontal plane, i.e. ∇ =(�/�x,�/�y).
The pressure on z=�m,0, i.e. the lower interface of the mth layer, is written by pm(x, t). In the

mth layer, if both the elevation of one interface, z=�m,1− j (x, t) ( j =0 or 1), and the pressure on
the other interface, pm− j (x, t), are known, then the unknown variables are the velocity potential
�m(x, z, t) and interface elevation z=�m, j (x, t) such that the functional for the variational problem
in the mth layer, Fi , is determined by

Fm[�m,�m, j ]

=
∫ t1

t0

∫ ∫ ∫ �m,1

�m,0

{
��m

�t
+ 1

2
(∇�m)2+ 1

2

(
��m

�z

)2

+gz+ pm− j +Pm
�m

}
dz dAdt (2)

where Pm =∑m−1
k=1 (�m−�k)ghk ; g is gravitational acceleration; the plane A, which is the orthog-

onal projection of the object domain onto the x–y plane is assumed to be independent of time.
In comparison with the functional referred to in Luke [22] for rotational motion, Equation (2)

has an additional term of the interfacial pressure without the terms relating to vorticity.

2.2. Euler–Lagrange equations under variational principle

In order to derive a set of equations whose type is horizontally two-dimensional, vertical integration
is performed analytically. The velocity potential �m is expanded into a series in terms of a given
set of vertically distributed functions, Zm,�, multiplied by their weightings, fm,�, i.e.

�m(x, z, t)=
N−1∑
�=0

Zm,�(z,hm(x)) fm,�(x, t)≡ Zm,� fm,� (3)
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where N is the number of vertically distributed functions. Throughout this paper, sum rule of
product is applied for Greek characters, �, �, and �.

The vertically distributed functions are determined by

Zm,� =
{(

z+
m− j∑
k=0

hk

)/
hm

}�

(4)

where h0 is defined to be zero. We substitute Equation (3) into Equation (2), after which the
functional Fm is integrated vertically. Then the variational principle is applied to obtain the
following Euler–Lagrange equations for each layer, i.e. the equations for strongly nonlinear and
strongly dispersive internal waves, which we call fully nonlinear and strongly dispersive internal-
wave equations (fully nonlinear SDI equations).

1st layer : In the 1st layer, i.e. the upper layer, m=1 and j =1. We introduce � defined as

�= �+h1
h1

(5)

The Euler–Lagrange equations of the present variational problem are

�� ��

�t
+ 1

�+�+1
∇{(��+�+1−1)∇ f1,�}− 1

h21

��

�+�−1
(��+�−1−1) f1,� =0 (6)

�� � f1,�
�t

+ 1

2
��+�∇ f1,�∇ f1,�+ 1

2

��

h21
��+�−2 f1,� f1,�+g�+ p1

�1
=0 (7)

where �=0,1,2, . . . ,N−1.
2nd layer: In the 2nd layer, i.e. the lower layer, m=2 and j =0. We introduce 	 defined as

	= �+h1
h2

(8)

The Euler–Lagrange equations become

	� �	

�t
+ 1

�+�+1
∇{[	�+�+1−(−1)�+�+1]∇ f2,�}− 1

h22

��

�+�−1
{��+�−1−(−1)�+�−1} f2,�=0 (9)

	� � f2,�
�t

+ 1

2
	�+�∇ f2,�∇ f2,�+ 1

2

��

h22
��+�−2 f1,� f2,�+g�+ p1+(�2−�1)gh1

�2
=0 (10)

where �=0,1,2, . . . ,N−1.

3. COMPUTATIONAL METHOD

Equations (5)–(10) can provide solutions for internal waves over a flat bottom under the condition
of rigid wall on water surfaces. This study aims to verify the validity of numerical computation
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scheme for one-dimensional propagation problem. To obtain stable computational results, implicit
technique is used in the proposed numerical computational scheme.

(�n)�
�n+1
i −�ni

�t

+(�n)�+� �ni+1−�ni−1

2�x

f n+1
1,�,i+1− f n+1

1,�,i−1

2�x
+ (�ni )

�+�+1−1

�+�+1

f n+1
1,�,i+1+ f n+1

1,�,i−1−2 f n+1
1,�,i

(�x)2

− 1

h21

��

�+�−1
{(�ni )�+�−1−1} f n+1

1,�,i =0 (11)

(�ni )
�
f n+1
1,�,i − f n1,�,i

�t
+ 1

2
(�ni )

�+�
f n+1
1,�,i+1− f n+1

1,�,i−1

2�x

f n1,�,i+1− f n1,�,i−1

2�x

+1

2

��

h21
(�ni )

�+�−2 f n+1
1,�,i f

n
1,�,i +g�n+1

i + pn+1
1,i

�1
=0 (12)

(	n)�
	n+1
i −	ni

�t
+(	n)�+� 	ni+1−	ni−1

2�x

f n+1
2,�,i+1− f n+1

2,�,i−1

2�x

+ (	ni )
�+�+1−1

�+�+1

f n+1
2,�,i+1+ f n+1

2,�,i−1−2 f n+1
2,�,i

(�x)2

− 1

h22

��

�+�−1
{(	ni )�+�−1−1} f n+1

2,�,i =0 (13)

(	ni )
�
f n+1
2,�,i − f n2,�,i

�t

+1

2
(	ni )

�+�
f n+1
2,�,i+1− f n+1

2,�,i−1

2�x

f n2,�,i+1− f n2,�,i−1

2�x

+1

2

��

h22
(	ni )

�+�−2 f n+1
2,�,i f

n
2,�,i +g�n+1

i + pn+1
1,i +(�2−�1)gh1

�2
=0 (14)

It should be noted that the suffix i indicates the grid-point number in Equations (11)–(14). To
obtain the solutions of Equations (11)–(14), the matrix whose number of column is (number of
grids) ×(2N+2) has to be solved. (2N+2) is the number of equations generated from Equations
(11)–(14). It would not be a big problem to solve such a matrix for one-dimensional propagation
problem. However, the cost would be very expensive and it would not be practical when two-
dimensional propagation problem was dealt. Therefore, we propose the scheme in which an
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iterational method is used to obtain solutions for each node of the grids. When the number of the
step of iteration is defined as k, the matrix on the step of k+1 is indicated as follows:⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

C1,1 · · · C1,N C1,N+1 0 0 0 0

...
. . .

...
... 0 0 0 0

CN ,1 · · · CN ,N CN ,N+1 0 0 0 0

CN+1,1 · · · CN+1,N CN+1,N+1 CN+1,N+2 0 0 0

0 0 0 CN+2,N+1 CN+2,N+2 CN+2,N+3 · · · CN+2,2N+2

0 0 0 CN+3,N+1 0 CN+3,N+3 · · · CN+3,2N+2

0 0 0
... 0

...
. . .

...

0 0 0 C2N+2,N+1 0 C2N+2,N+3 · · · C2N+2,2N+2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

×

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

( f n+1
1,0,i )

k+1

...

( f n+1
1,N−1,i )

k+1

(�n+1
i )k+1

(Pn+1
1,i )k+1

( f n+1
2,0,i )

k+1

...

( f n+1
2,N−1,i )

k+1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

D1

...

DN

DN+1

DN+2

DN+3

...

D2N+2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(15)

C�+1,�+1= (−2)

(�x)2
(�ni )

�+�+1−1

�+�+1
− 1

h21

��

�+�−1
{(�ni )�+�−1−1}

(
�=0, . . . ,N−1

�=0, . . . ,N−1

)
(16)

C�+1,N+1= (�n)�

�t
(�=0, . . . ,N−1) (17)

CN+1,�+1= (�ni )
�

�t
+

N−1∑
�=1

1

2

��

h21
(�ni )

�+�−2( f n1,�,i )
k (�=0, . . . ,N−1) (18)

CN+1,N+1=gh1 (19)

CN+1,N+2= 1

�1
(20)

CN+2,N+1=gh1 (21)
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CN+2,N+2= 1

�2
(22)

CN+2,N+�+3= (	ni )
�

�t
+

N−1∑
�=1

1

2

��

h22
(	ni )

�+�−2( f n2,�,i )
k (�=0, . . . ,N−1) (23)

CN+�+3,N+�+3= (−2)

(�x)2
(	ni )

�+�+1−1

�+�+1
− 1

h22

��

�+�−1
{(	ni )�+�−1−1}

(
�=0, . . . ,N−1

�=0, . . . ,N−1

)
(24)

CN+�+3,N+1= h1
h2

(	n)�

�t
(�=0, . . . ,N−1) (25)

D�+1 = (�n)�
�ni
�t

−
N−1∑
�=0

(�n)�+� �ni+1−�ni−1

2�x

( f n+1
1,�,i+1)

k−( f n+1
1,�,i−1)

k

2�x

−
N−1∑
�=0

(�ni )
�+�+1−1

�+�+1

( f n+1
1,�,i+1)

k+( f n+1
1,�,i−1)

k

(�x)2
(�=0, . . . ,N−1) (26)

DN+1=
N−1∑
�=0

(�ni )
�
f n1,�,i

�t
−

N−1∑
�=0

N−1∑
�=0

1

2
(�ni )

�+�
f n+1
1,�,i+1− f n+1

1,�,i−1

2�x

f n1,�,i+1− f n1,�,i−1

2�x
(27)

DN+2 =
N−1∑
�=0

(	ni )
�
f n2,�,i

�t

−
N−1∑
�=0

N−1∑
�=0

1

2
(	ni )

�+�
f n+1
2,�,i+1− f n+1

2,�,i−1

2�x

f n2,�,i+1− f n2,�,i−1

2�x
−
gh1=0 (28)

DN+�+3 = (	n)�
	ni
�t

−
N−1∑
�=0

(	n)�+� 	ni+1−	ni−1

2�x

f n+1
2,�,i+1− f n+1

2,�,i−1

2�x

−
N−1∑
�=0

(	ni )
�+�+1−(−1)�+�+1

�+�+1

f n+1
2,�,i+1+ f n+1

2,�,i−1

(�x)2
(�=0, . . . ,N−1) (29)

The iteration finishes when the values of variables on the step of k+1 match to that on the step
of k. The proposed numerical computation scheme thus has the following two characteristics of
numerical analysis.

(1) The size of the matrix, which has to be solved is smaller than that of normal matrix by
introducing the iterational method.

(2) Since non-zero value can be located on a diagonal in a matrix, the matrix can be solved
stably.
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4. DISPERSION RELATION

4.1. Dispersion relation from proposed nonlinear internal-wave equations and performance
evaluation of numerical computation scheme

In this section, the applicability of the proposed numerical computation scheme was investigated
by comparing with dispersion relation obtained from the linearlized fully nonlinear SDI equations
(Dispersion relation for surface waves has been derived in the Reference [23] by Isobe.). First, the
fully nonlinear SDI equations were linearlized by using a small amplitude assumption in order to
derive dispersion relation. In this case, the vertically distributed functions should be:

Z1,� =
(

− z

h1

)�

(m=1 and j =1) (30)

Z2,� =
(
z+h1+h2

h2

)�

(m=2 and j =0) (31)

∫ 0

�
Z1,�Z1,� dz= h1

�+�+1
(32)

∫ 0

�

�Z1,�

�z
�Z1,�

�z
dz= ��

h1(�+�−1)
(33)

∫ �

−H
Z2,�Z2,� dz= h2

�+�+1
(34)

∫ �

−H

�Z2,�

�z
�Z2,�

�z
dz= ��

h2(�+�−1)
(35)

Then, the equations for linearized internal waves with strong dispersion for the upper and lower
layers are derived as:

1st layer:

−��

�t
+ h1

�+�+1

�2 f1,�
�x2

− 1

h1

��

�+�−1
f1,� =0 (36)

� f1,�
�t

+g�+ p1
�1

=0 (37)

2nd layer:

��

�t
+ h2

�+�+1

�2 f2,�
�x2

− 1

h2

��

�+�−1
f2,� =0 (38)

� f2,�
�t

+g�+ p1+(�2−�1)gh1
�2

=0 (39)
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Equation (40) is obtained from Equations (36) and (38).

1

�+�+1

�2

�x2
(h1 f1,�+h2 f2,�)− ��

�+�−1

(
f1,�
h1

+ f2,�
h2

)
=0 (40)

Giving small amplitude internal wave yields the following relations:

f1,� =F1,� exp{i(�t−kx)} (41)

f2,� =F2,� exp{i(�t−kx)} (42)

−
(

h1
�+�+1

k2+ ��

�+�−1

1

h1

)
F1,� =

(
h2

�+�+1
k2+ ��

�+�−1

1

h2

)
F2,� (43)

F1,� = G�,�F2,� =−

⎛
⎜⎜⎜⎜⎜⎜⎝

h1k
2 · · · h1

N
k2

...
. . .

...

h1
N
k2 · · · h1

2N−1
k2+ (N−1)(N−1)

2N−3

1

h1

⎞
⎟⎟⎟⎟⎟⎟⎠

−1

×

⎛
⎜⎜⎜⎜⎜⎜⎝

h2k
2 · · · h2

N
k2

...
. . .

...

h2
N
k2 · · · h2

2N−1
k2+ (N−1)(N−1)

2N−3

1

h2

⎞
⎟⎟⎟⎟⎟⎟⎠
F2,� (44)

Equations (38)–(40) may be modified as:

−�2 f2,�
�t2

+ �1
�2

�2 f1,�
�t2

+ �2−�1
�2

g
h2

�+�−1

�2 f2,�
�x2

− �2−�1
�2

1

h2

��

�+�−1
f2,� =0 (45)

Substituting Equations (41) and (42) into (45) leads Equation (46).

�2F2,�−�2
�1
�2

G�,�F2,�− �2−�1
�2

g
h2

�+�−1
k2F2,�− �2−�1

�2

1

h2

��

�+�−1
F2,� =0 (46)

Finally, exchange of dummy subscripts, � and �, of the second term in the left-hand side of
Equation (46) yields dispersion relation shown as Equation (47).

−�2
(

−1+ �1
�2

G�,�

)
− �2−�1

�2
g

h2
�+�−1

k2− �2−�1
�2

1

h2

��

�+�−1
=0 (47)

To investigate how accurately the proposed numerical computational scheme described in
Section 3 reproduce the solution of Equation (47), which indicates linearized internal waves with
strong dispersion, the comparison was made up to N =3 of vertically distributed function. Three
cases were chosen, two cases for internal waves and one case for surface waves (Table I and
Figure 2). Horizontal axis is normalized by the depth of the lower layer and the wavelength in
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Table I. Conditions for each case.

(�2−�1)/�2 h1/h2

Case 1 0.01 1
Case 2 0.01 9
Case 3 0.999 9

0 1 2 3 4
0

0.2

0.4

0.6

0.8

0 1 2 3 4
0

0.2

0.4

0.6

0.8

0 1 2 3 4
0

0.2

0.4

0.6

0.8

1 1 1

Eq.(47)
Numerical Computation

Xc Xc Xc

c/
c 0

c/
c 0

c/
c 0

N=1

N=2

N=3

N=1

N=2

N=3

N=1

N=2
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Figure 2. Comparisons of dispersion relation. Solid lines indicate dispersion relation obtained
from linearlized internal-wave equations with strong dispersion up to N =3. Circles indicate

the numerical computational solutions: (a) Case 1; (b) Case 2; and (c) Case 3.

Figure 2, �, may be obtained from

�= 2
h2
Xc

(
c

c0

)
(48)

where c0 is velocity of long wave and Xc is value of x coordinate. The computations were carried
out for 15 cases with the ranges of N =1, N =2 to N =3 and Xc=3
/20, Xc=9
/20, Xc=
15
/20, Xc=21
/20 to Xc=27
/20. The number of grid for one wave was taken as 30 and the
computational domain was given equal to the length of nine waves. Progressive waves were given
from the left end boundary with a small amplitude. Time step was given by satisfying a condition
of CFL=0.1, in which celerity is considered representative velocity. The total computational time
was taken as four periods of waves, and celerity was obtained from the third propagation wave
(Figure 2). The computed celerity fits to that obtained from the linearized internal-wave equations
with strong dispersion for all the cases. Therefore, the proposed numerical computation scheme is
found to have high applicability of dispersion relation for small amplitude waves.

4.2. Dispersion relation from the linear theory and proposed fully nonlinear SDI equations

In this section, to verify the validity of Equation (47), dispersion relation was investigated by
comparing with the theoretical solution of dispersion relation for internal waves. Dispersion relation
from the theory is indicated as

�2 = �2gk

2

1

�2 coth(kh1)coth(kh2)+�1

[
coth(kh1)+coth(kh2)±

{
{coth(kh1)+coth(kh2)}2

−4

{
coth(kh1)coth(kh2)+ �1

�2

}
�2−�1

�2

}1/2]
(49)
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Figure 3. Comparisons of dispersion relation. Solid lines indicate dispersion relation obtained from
linearized internal-wave equations with strong dispersion up to N =9. Broken lines indicate the theoretical

solutions of dispersion relation for internal waves: (a) Case 1; (b) Case 2; and (c) Case 3.

Dispersion relation obtained from variational principle was computed up to N =9 (Figure 3). In
Case 1 when the upper and lower layer depths are the same for internal wave case, the theoretical
solution is found to agree with that obtained from variational principle when N =6. When N =3,
dispersion relation obtained from variational principle agrees well up to Xc=1.8 and c/c0=0.55.
The ratio of wavelength and the lower layer depth is about 1.9 computed from Equation (47) when
Xc=1.8 and c/c0=0.55, which reveals that dispersion relation obtained from variational principle
can reproduce the characteristics of waves excluding deepwater waves even if N =3 is taken for
the case when the ratio of depth of the upper and lower layer is 1 for internal waves.

On the other hand, even Case 2 is an internal wave case, dispersion relation obtained from
variational principle cannot reproduce the theoretical solution even if N is take up to 9 when the
ratio of the depth of the upper and lower layer is 9. The minimum wavelengths that have good
agreement with the theoretical solution are obtained as 2.6 and 1.7 for the cases of N =6 and
N =7, respectively. This results may provide the necessity of larger N when the lower layer depth
is much less than that of the upper layer for internal wave cases. In Case 3 when the ratio of
the depth of the upper and lower layers is 9 for surface waves, dispersion relation obtained from
variational principle is found to agree with the theoretical solution very well when N =6. In this
study, although we proposed power function to indicate velocity potential, it is expected to get
much better agreement by introducing different types of functions, like hyperbolic tangent.

5. INTERNAL SOLITARY WAVE

5.1. Initial setup and boundary conditions

In the previous section, the applicability of linear internal-wave equations with strong dispersion
obtained from variational principle is revealed to have very good agreement with the theoretical
solution. In this section, we thus investigate the applicability of the proposed fully nonlinear SDI
equations into an internal solitary wave.

The initial condition was given as shown in Figure 4 in order to generate an internal solitary
wave [9, 24]. The total computational domain is 2m, and the number of mesh is given as 400.
The depths of the upper and lower layers are 0.105 and 0.045m, respectively. The specific density
ratio of the upper and lower layer, (�2−�1)/�2, is 0.04, and the height of the step-like shape
displacement is given as a half of the lower layer depth, which may generate a strongly nonlinear
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Figure 4. Initial setup for generating an internal solitary wave.
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Figure 5. Internal wave generation and propagation at: (a) t=0; (b) t=4; (c) t=8; and (d) t=12s.

internal solitary wave. The time step is taken as 0.02 s. Solid walls are given as boundary conditions
for the both ends of the computational domain.

The computational results when N =6 are shown in Figure 5 (t=0, t=4, t=8, and t=12s). An
internal solitary wave is confirmed to propagate with amplitude of 1

3 of the lower layer depth. In the
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Figure 6. Generated internal waves at 12=0s. (a) N =1; (b) N =2; (c) N =3;
(d) N =4; (e) N =5; and (f) N =6.
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Figure 7. Differences of internal wave displacement from N =6. Solid lines indicate ��=�(N=1)−�(N=6).
Broken lines indicate ��=�(N=2)−�(N=6). Dotted lines indicate ��=�(N=3)−�(N=6).

tail of the internal solitary wave, there are various types of internal waves with different frequency
and amplitude. Since the internal solitary wave has larger amplitude compared with the other
internal waves, the internal solitary wave is found to propagate separately with a larger celerity.

Comparisons were made for the cases, N =1, 2, 3, to 6, when t=12s (Figures 6 and 7).
Since only a long internal wave can exist in the case of N =1, clear internal bore was generated.
In the case of N =2, since the proposed fully nonlinear SDI equations include dispersion relation
for weak nonlinearity of the same order as the KdV equation, an internal solitary wave is found
to be formed. In the case of N =3, there clearly exist differences of the shape of internal waves
compared with the case of N =2, in particular, in the tail of an internal solitary wave. However,
there is of no great difference among the cases of N =4 to N =6. The minimum wavelength of
internal waves was about 0.1m for all cases. Since the lower layer depth is 0.045m and the ratio
of the wavelength and the lower layer depth is taken to be larger than 2 in this study with the ratio
of the upper and lower layers is 3

7 , it is considered that there is no differences in the cases when
N is larger than 4 like being expected from Figure 2.
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Figure 8. Vertical profile of horizontal velocity with a spatial interval of 0.2m. (a) N =1;
(b) N =2; (c) N =3; and (d) N =6.

As there are no large enough differences in the cases when N is larger than 4, the differences
of interfacial displacement from the case of N =6 were computed for the cases of N =1 to N =3,
respectively (Figure 7). The larger the N , the smaller the difference of interfacial displacement.
In particular, the shape of an internal solitary wave agrees well among N =3 to N =6. In the
tail of the internal solitary wave, the difference is the largest around x=0.4m to 1m where the
wavelength is shorter and the amplitude is larger compared with the other internal waves.
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As the vertical profile of horizontal velocity for the cases of N =4 to N =6 was confirmed
to be the same, the profile for the cases of N =1, N =2, N =3, and N =6 is only shown in
Figure 8. According to the vertical profile of velocity around an internal solitary wave, the functions
more than a squared function in the power function do not seem to be significant. However,
like mentioned in Figure 7, the functions more than a squared function are important in order to
duplicate an internal solitary wave, which means that at least N =3 has to be taken into account
for reproducing an internal solitary wave dealt with in this study. On the other hand, since the
wavelength of internal waves is shorter than the lower layer depth in the tail of the internal solitary
wave, it is conceivable that the higher-order functions have to be taken into account. As suggested
in the investigation of dispersion relation shown in Figure 2, till what order of the function should
be included depends on the problem, such as the ratio of the depth of the upper and lower layers.
Therefore, it is needed to deal with each problem based on theoretical consideration, at least, like
dispersion relation.

5.2. Comparisons with theoretical solutions

In the previous section, the vertical profile of the horizontal velocity is found to be the same in
the cases of that N is larger than three. Thus, the cases of N =2 and N =6 were only selected
to investigate the shape of an internal solitary wave by using KdV theory, which may provide the
understanding of what kind of characteristics the internal solitary wave generated in this study
has. The shape of an internal solitary wave is given using the following equations:

�1= 3(h1+h2)

2h1h2

(
−h21�2+h22�1
�1h2+�2h1

)
(50)

�2= h1h2
6(h1+h2)2

(
�1h1+�2h2
�1h2+�2h1

)
(51)

�=
(

− �1
12�2

)1/2

(52)

�s = (h1+h2)3/2

a1/2s

(53)

�s =as cosh
−2
[

�

�s
(x−cst)

]
(54)

The shape of an internal solitary wave for N =2 is found to agree very well with that obtained
from KdV theory (Figure 9). In KdV theory, the ratio of water depth and wavelength is assumed to
balance to the square root of the ratio of amplitude and water depth, which means that a nonlinear
effect balances to a dispersion effect. This assumption is also applied in the Boussinesq-type
equations. Therefore, applying N =2 for the proposed fully nonlinear SDI equations is expected
to be similar to giving the balance of a nonlinear and dispersion effect used in KdV theory and
the Boussinesq-type equations. On the other hand, when N =3, the shape on an internal solitary
wave is found to be more different from that obtained form KdV theory compared with N =2.
Because of the short wavelength, such as that the ratio of the wavelength and the lower layer
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Figure 9. Comparisons of shape of interface displacement for an internal solitary wave. (a) N =2 and
KdV theory. (b) N =6 and KdV theory.

depth is about 10, strong dispersion seems to be needed to reproduce the internal solitary wave
investigated in this study.

6. CONCLUSIONS

A new numerical computation scheme is proposed using fully nonlinear SDI equations obtained
from variational principle in order to analyze strongly nonlinear and strongly dispersive internal
waves. In the proposed numerical computation scheme, run-time cost is expected to be cheaper
by solving a matrix for each grid, and the matrix can be solved stably by locating non-zero value
in the orthogonal lines.

The proposed numerical computation scheme in this study is revealed to reproduce dispersion
relation theoretically obtained from variational principle applying linear assumption. Furthermore,
as a result of the comparison of dispersion relation between the small amplitude internal waves
and linearlized strongly dispersive internal waves based on variational principle, the proposed
equations are found to be applied for reproducing internal waves excluding deepwater waves by
taking into account N =6 even in the case when the ratio of the depth of the upper and lower
layer is 9 for internal waves. For the internal wave case when the ratio of the depth of the upper
and lower layer is one and the surface wave case, N =6 is found to provide very good agreement
with the theoretical solution including strong dispersion cases.

The investigation of an internal solitary wave was conducted up to N =6, and a separated
internal solitary wave is revealed to propagate in the cases of N is larger than 2. In this study, it is
shown that N =4 is at least needed to reproduce internal waves. Squared functions are found to be
needed to generate velocity potential around an internal solitary wave, which indicates that N =3
is at least needed to be included in the numerical computation. Furthermore, it is found from the
comparison with KdV theory that the balance of nonlinear and dispersion when N =2 is similar
to the balance applied in KdV theory and the Boussinesq-type equations.

The proposed numerical computation model is found to reproduce internal waves including
higher-order nonlinear effect, which is expected to be applied to clarify the mechanism of high
frequency strongly nonlinear internal waves with strong dispersion.
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